It is shown that the sensitivity of a highly sensitive homodyne timing measurement scheme with femtosecond (fs) lasers [1] is limited by carrier-envelope-phase (CEO) noise. We describe the use of a broadband passive cavity to analyze the phase noise of a Ti:Sapph oscillator relative to the standard quantum limit. This cavity also filters lowest levels of classical noise at sidebands above 100 kHz detection frequency. Leading to quantum limited CEO-phase noise at µs-timescales, it can improve the sensitivity of the homodyne pulse timing measurement by 2 orders of magnitude. c 2014 Optical Society of America OCIS codes: 140.0140, 270.0270
Introduction. Femtosecond optical frequency combs have revolutionized optical metrology [2] given their intrinsic frequency comb structure and the ability to measure and lock the phases of these frequencies. Recent experiments have demonstrated that they can be extended to massively parallel optical spectroscopy, using a dual comb configuration and an optical cavity to enhance the recorded signal [3] . Their dual time and frequency structure also make them ideal candidate for ranging or clock synchronization [4] . This measurement has been proven to be optimal when used in a homodyne configuration with a pulse shaped reference beam [1] . The underlying concept of projection on the temporal mode carrying the information can be extended to general parameter estimation [5] .
In this context of very high sensitivity metrology, measurements are limited by the low-level intrinsic noise of the laser, being of classical or quantum nature. Although the noise of Ti:Sapph oscillators has been characterized extensively relative to the carrier [6] , no data are available relative to the quantum limit. We demonstrate here that it is possible to efficiently measure and even filter noise at such low levels. To this aim we combine shot noise resolving intensity noise detection and the filtering properties of a passive cavity.
The paper is organized in the following way: The carrier-envelope-offset (CEO) phase noise, and for completeness the amplitude fluctuations of a commercial Ti:Sapph laser are determined relative to their common quantum limit. A broadband passive optical cavity is then proposed to filter the remaining fluctuations of the CEO phase. Besides filtering, it allows the detection of phase noise down to the quantum limit. The resulting realistic sensitivities for the homodyne timing measurement scheme [1] are discussed at the end of this paper.
Theoretical concept. We consider a train of f s pulses generated by a commercial mode-locked Ti:Sapph oscillator (Fig.1 ). It can be described as a superposition of equally spaced monochromatic modes [7] of frequencies ω m = ω CEO + m · ω rep , where ω rep is the repetition rate and ω ceo = 2πf CEO the CEO frequency. But one can also give a time representation of this pulse train. Introducing the light-cone variable u = t − z/c, one can write the positive frequency component of the electric field as
, where ω 0 is the carrier frequency, θ CEO the CEO phase, T rep the pulse to pulse time interval, N the photon number in a single pulse, E a normalization constant and v(u) is a normalized single pulse mode (non zero in interval
This paper studies properties of frequency comb noise and its filtering in view of possible application to ultra sensitive pulse-timing measurements, such as those introduced in [1] . These measurements rely on the homodyne detection of a pulse train in mode v(u) with a local oscillator in a superposition of two modes that are proportional to I: v(u) and II: dv(u)/du. Using this formalism, the minimum resolvable timing jitter of a fs-pulse train is at 1 Hz resolution bandwidth and an analysis frequency f :
It is a function of the optical bandwidth ∆ω of the signal. The normalized variances σ 2 (f ) of the field quadratures P (phase) and Q (amplitude) of the modes I and II are related to: σ 2 P,I the CEO-phase of the signal comb, σ 2 Q,II the amplitude quadrature of a mode corresponding to a time-of-flight (TOF) measurement. Both are equal to unity when the light source noise is simply vacuum quantum noise. This level is called the Standard Quantum Limit (SQL). This theoretical result of [1] can be linked to the experimentally accessible, single sideband (SSB) noise power spectral densities (PSD) S P/Q of the quadratures P and Q of the CEO-phase (I) and the repetition rate (II): S SQL is the common quantum limited PSD in unities of dBc/Hz. Given by S SQL = 2hω 0 /P , it is a function of the average total comb power P . The measurement of both CEO phase noise and TOF jitter is discussed below.
Optical setup. The setup to access and manipulate the noise properties of an optical frequency comb is drafted in Fig.1 . It consists of a commercial Femtolasers R Ti:Sa oscillator emitting 25-fs pulses at 156 MHz repetition rate, centered at 800 nm with an average power of 1 W. A passive, impedance matched cavity, synchronous with the pump laser is placed on one arm of a Mach Zehnder-like configuration, closed by a balanced homodyne detection. A Menlo Systems R f-2f interferometer detects the CEO frequency and its fluctuations after coherent spectral broadening. It allows to lock the Ti:Sapph CEO frequency with a typical bandwidth of less than 20 kHz.
Noise properties of the free-running laser. Intensity noise is measured using only the balanced detection. Together with the CEO-phase noise, those data are shown in Fig.2 . When compared to the common SQL for a signal of 8 mW, the relative intensity noise (RIN) reaches the quantum limit above 3 MHz. The tiny relaxation oscillation peak at 1.5 MHz depends on alignment and output power. It has been minimized for this measurement. The locked f CEO can be considered as free running above the lock-resonance at 30 kHz. The line at 100 kHz results from the relaxation oscillation of the pumping Verdi R laser, which is also present in the amplitude noise. The CEO-phase noise follows an approximated f −4.5 distribution over more than one decade until the noise level of detection is reached at 700 kHz. It is set by phase-excess noise from the avalanche photodiode detecting the f-2f beating. The f −4.5 behavior corresponds to the theoretical prediction of [8] to f −4 and to an additional term from the coupling of amplitude to phase noise. The levels observed are more than 60 dB above 2), the sensitivity of the homodyne timing measurement [1] can be approximated to:
This expression scales as 1/ √ τ (with τ being the measurement time) and with the square root of the spectral density of CEO-phase fluctuations S CEO .
The sensitivity is therefore limited by CEO-phase noise. Active locking schemes typically have a bandwidth of a few kHz. Sidebands above 100 kHz and levels close to the SQL are difficult to reach [9] . The next section shows that a passive cavity can filter phase noise above 100 kHz and down to the SQL. A filtering cavity. A transmissive optical cavity is a well known 2nd-order low-pass filter acting on both phase and amplitude noise of the input field [10] . The 3-dB cutoff frequency f c = c/(F · L) is determined by the speed of light c, the cavity finesse F , and its length L. We have developed an impedance-matched passive cavity in a bow-tie geometry consisting of 6 zero-dispersion mirrors and contained in a low-vacuum chamber. Its integration into the experimental setup is depicted in Fig.1 . Residual dispersion is compensated by laboratory air. The constant pressure of 50 ± 30 mbar is chosen depending on the required spectral shape of transmission. Input and output couplers have equal reflectivities of 99.82% and the 4 other mirrors are highly reflective. The cavity length is set to the same value as the femtosecond oscillator (1.92 m). A Pound-Drever-Hall scheme is used to lock the cavity on resonance with the seed pulse train. To avoid the modulated reference to appear in the detected signal, we use a counter-propagating referencebeam to generate the error signal. The CEO-phase of the laser is locked to match the resonance frequencies of the filtering cavity. When all locks are running, the 45-nm FWHM spectrum generated by the Ti:Sapph oscillator is entirely (35 nm FWHM) transmitted through the cavity, see Fig.3 . Comparing input and output spectra in Fig.3 , we estimate that the residual dispersion of the cavity is less than 2 fs 2 over the covered spectrum [11] . The simulations agree with the observed spectra for a slightly different pressure. The difference may be attributed to uncertainties in the mirror properties. Concerning noise filtering, we measured an effective finesse of F ≈ 1200. The 3-dB cutoff frequency of this cavity was measured at f c ≈ 130 kHz.
Measurement of relative phase noise. To quantify the effect of phase noise filtering by the passive cavity, relative phase noise between a filtered and an unfiltered beam have to be measured down to the SQL. A shot-noise-resolving, balanced homodyne detection [12] can do so. Its implementation is shown in Fig.1 . It measures phase noise differences before and after the filtering cavity. Two incident fields E i = A i e iφi , i = 1, 2 interfere. Locking on the phase quadrature φ = φ 1 − φ 2 = π/2 leads to the beating signal H = A 1 A 2 sin(δφ) where δφ are the zero mean fluctuations of the relative phase of the interfering fields. This signal efficiently converts phaseto amplitude fluctuations. If significant amplitude noise is present, one of both beams is strongly attenuated. This turns the scheme into a homodyne detection of relative phase noise. An interference of a bright local oscillator (LO) and an attenuated signal is less sensitive to ampli- Assuming perfect quantum efficiency of the photodetectors, setting the elementary charge to one and neglecting higher order terms, the mean squared homodyne signal reads [13] :
It detects relative phase fluctuations δφ of the interfering beams. For a given, over-all detected intensity
, the electronic signal is maximized for equal intensities to S MAX = A 4 0 /(4hω 0 ) 2 · δφ 2 . This classical signal is always detected relative to the shot noise level N = A 2 0 /hω 0 . The detected phase noise can be expressed relative to the carrier in units dBc/Hz=(1/2) · rad 2 /Hz [14] . For a signal to noise ratio SNR=S/N = 1 and a detected power P , the minimal resolvable relative phase noise is
Consequently, given sufficiently low amplitude noise, the measurement scheme Fig.1 of relative phase noise has a quantum limited sensitivity. For sufficiently high detection frequencies, the phase noise in the filtered arm becomes negligible. The detected signal is than proportional to the CEO-phase noise δφ ≈ δθ CEO . With f c ≈ 130kHz used here, this relation holds at MHz detection frequencies. In conclusion, absolute levels of CEOphase noise also become measurable down to the SQL.
Measurement Data. The measured homodyning signal is shown in Fig.4 , trace 2 . It arises from the interference of the signal from the Ti:Sapph oscillator Fig. 5 . Predicted realistic sensitivity of a projective timing measurement using mode-locked Ti:Sa lasers [1] , using an unfiltered 1 and a cavity-filtered 2 oscillator. dashed lines extrapolation of available data 3 Quantum limit for phase and amplitude noise at the SQL for 8 mW detected signal at 1 s integration time.
(LO) with the 10 dB less intense beam filtered from the cavity (Signal). The signal from the cavity exhibits intensity excess noise arising from noise-quadrature interconversion by the cavity (not shown). Nevertheless, its presence does not change the RF-spectral distribution of the homodyning signal. Classical intensity noise of both the signal and the local oscillator cancel in the balanced measurement configuration and only contribute to higher order terms of the signal S described in Eq.(4).
Phase noise filtering and detection. The experimental results are plotted in Fig.4 . The interfering beams have a spectral overlap of 94%. The homodyne signal of the phase quadrature of mode I follows an approximate f −2.5 power law over nearly two decades of detection frequencies. Indeed, the CEO-phase noise of the Ti:Sapph oscillator was observed to follow an f −4.5 dependence. In addition, the filter-efficiency of the cavity is then given by its transfer function which follows a f 2 distribution. Consequently, the expected power law for the relative phase noise is the product of both, f −2.5 . This is equivalent to the measured distribution. It confirms, together with the transmitted optical bandwidth, that cavities can not only filter noise of single optical frequencies [10] but also of entire coherent frequency combs. The measured amplitude noise of the oscillator is neglectable for the measurement above (see Fig.4, trace 3 ) . Similar to the amplitude noise, the homodyne signal and thus the CEO-phase noise of the oscillator vanishes in shot noise at approximately 5 MHz detection frequency (see Fig.4 , trace 2 ).
The consequences of the observed phase noise filtering for the timing measurement discussed with Eq.(3) are shown in Fig.5 . Using the f-2f CEO-phase noise data, the possible precision of the homodyne timing measurement [1] can be calculated for a filtered or an unfiltered beam. From Fig.4 it follows from the interference data that the slope of the CEO-phase noise does not significantly change at microsecond timescales. The achievable measurement precision shown in Fig.5 can thus be extrapolated down to the SQL. Using a passive cavity to filter phase noise, the expected sensitivity of the timing measurement could be improved by up to 2 orders of magnitude .
Conclusions. A broadband resonant, passive cavity has been shown to be a tool for filtering and the detection of CEO-phase noise of a 45-nm FWHM frequency comb. Together with shot noise resolving balanced detection, it is shown that a commercial Ti:Sapph oscillator is quantum limited in amplitude and phase below 5 MHz detection frequency. Passive filtering of phase noise decreases this frequency. It potentially improves the sensitivity of a pulse-timing measurement scheme by up to two orders of magnitude.
